Abstract. This article produces an elementary proof of a result originally stated without proof by J. Leray. The main result gives conditions so that a continuously differentiable map from a product neighborhood of the origin in R" into R" can be homotoped to a cartesian product of maps on intervals. The resulting product function preserves properties of the original map near the origin.
1. Some lemmas. In this section, we collect some lemmas which will be used to establish our main result. We need a result which follows from the Whitney extension theorem [AR,W] . Let A be a finite polyhedron contained in R". Assume h0: A -* R" is a continuous map. We shall refer to h0 as being class C'~ provided there exists a continuous map /z, : A -» L(R", R") so that the maps
satisfy: for each x0 G A and k = 0 or k -1 \Rk(x,y)\/\\x-y\\x-k^Q asx,y^x0.
1.1. Lemma [W, Lemma 2, p. 69] . Assume h0: A ~* R" is of class C1' on the finite polyhedron A. Then there is a continuously differentiable function 77: R" -* R" such that DkHxA =hkfork = 0or 1.
We shall use the standard notation L(n) and GL(n) to denote the collection of linear transformations and invertible linear transformations, respectively. We also recall that topologically GL(n) is an open subset of L(n) and consists of two path components GL+ (n) and GL~(n) determined by the sign of the determinant.
We let S(n) denote the symmetric group on n symbols. If A -(a¡A is an n X n matrix, we recall that the determinant of A can be computed by 2. Main theorem. Given a space X and a function /: X -R", we will always denote by the corresponding capital letter F: X ^ R" the function F(x) = x -f (x) for all x G X. If U G R" is an open subset of R" and /: U -» R" is a differentiable map, we will use the notation Jf(x) to denote the jacobian of /at x, i.e., Jf(x) = det(3jf/3^-).
1 «'/***, 1. </< n, g/xy) =//t(0,...,xy,...,0) with 4>(j) = k. We denote by g the function, U"=xgj,
i.e., g(xx.x") = (gx(xx).g"(x")). Using G(x) = x -g(x), we observe G is C' on some neighborhood of 0 and the jacobian matrix (G¡ ¡) for G at 0 is given by 7L. We can therefore construct a map H0: I -> GL(n) so that 770(0) = (7-^) and #oO) = (G,7). We recall the notation H(x, t) -I(x) -h(x, t). Using Lemma 1.1 on 77 and 77,, we can construct a C' extension of 77, say 77, mapping H^X7 into X so that H(x, t) =_H(x, t) and (77, ;)t(ï 0 = 77,(x, i) for all (x, t) G A. Recall we have assumed W is an «-cell, hence there exists a radial retraction p: X -» W. By defining 77 = 77 o (p X id) we can extend 77 to XXI and thereby construct a map «:
i -» map( A") by H(x, t) = I(x) -h(t)(x).
By construction « satisfies (a) and (b). For (c) we observe for t G I that J(t) = J(H(t))(0) = J(Hx(t))(0) = J(H0(t))(0), therefore J(t) is continuous and non vanishing by the definition of 770.
